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Setic system Ye
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body with mass m

[Fy = En- Fg = 0
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Force directions and resultants

-Y

> X

Fr
Fz [Fx = - Fy + FzwS(x)

↑-F [Fy = - Fz + Fzsin(x)

Let's assume X = 450 and F2 = 100 N :

Fi = Fz0S45
:

= 70
,
7N

Fz = Fzsin 45 = 70
,
7N



Ropes
Ropes only can take tensile forces andNot compressive forces

Pul M Push Bend
# ->

-> Y

Ry Rz
-

R3

· Isolated ropes
STATI #NAMI (with wind

R3Fm R2 Fr
Fu

- Fg - Fg

[Fy = 0 [Fy = 0

[Fx = 0 EFX = Fm 3 For mame it static
,

we have to add more ropes

STATIC from a B. State

R230% 11 Fr
Fu Let's essume : Fw= 50 N

B
- Fg Mis= 200 l

[Fx = Fw-Frj cost30% EFX = 50N-Frysin30 = 0

EFy = V EFy = Frj Fy + FrzcS38 =

Fr
=

= 50N/sin 300 = 100 N

Fy=Firy-Fg + Fr
,
sos30o

↑
g

= mg = 200ng . 9 ,
8142 = 1962 N

Fry= Fg - Fracos(30% = 19621 - 86
,
6N = 1875, 4N

Fy = 0



Moments and couple

Couple : Moments :

Fy
⑳ >

Fx SM
/ /

& * moment is created

by an engine and
A couple is created by a acts at one single point
force applied at a distance

Mz = Fxdx

Mz = Fydy

# Example

34. - Fu

Gr a

Fu - Fu

↑

MA
EFA = 0

Ma= Fr - d = M =[
M[Nm]



Free body diagram (FBD)

For each mechanical problem , drawing a FBD is needed !

↑ Load (1)

↑ &
Body

↑

Boundary * We need to replace the boundary
condition by forces and moments

Boundary conditions can be created by :

· touching bodies
· hinges and fixations
· environmental forces (pressure , gravity /

In(7)
,

we isolate the body :

[Fx = 0= Ax
JFAY F

↳
EFy= w =

- F+ Ay
EMA= -F - dx + Ma

E MB = Ma -Ay dx = 0

&Mc = Ma-F. dx - Ay dx

↑
Maxx-Bxd



Supports

Every blocked degree of freedom (DOF) needs to be
replaced by a force or a moment

· Rotation blocked -> M

· Translation blocked -> F

In 2Ds systems there are 3 DOF for each point :

S
1) Translation in X

2) Translation in y

3) Rotation around z

Types of supports
-Ay

Hinges fix X , Y
111I and allow rotation

A:
Ax

- Ay

Rollers or two horizontal
&

A
11

&r Surfaces fix y and allow
rotation and traslation in X "And

Y

-Ay

Mi Wall fixtures/Fixed supports #Axfix x , y and rotations MA



1) 2) 3)

⑮*
-> Used for shelves - Used for shelves -> used for bending

tests
, balance boands

exercises :

b) - 1 +
b

as
+ <F

- To [x &

- A**

MaGA

! a &

-

+
- FY+

EFX = F - F = 0 [Fx= 2T

[Fy = 0 [Fy= 0

[Ma = Fa+Fa=2Fa [Ma = +Fa - Fa = 0

7
c) -

4F
d) > F

EFx = #-# + Fws45
a

&
[Fy= - Esin 45

- A *-
[Mx= - Fa - F ./ + F- S45@

F a/z
a -

-
a/z

-

4 135F
t
-

[Fy = F+F=2F

[Fx= 0

[Ma = 0



Systems with friction and ropes

Ropes and pulleys
Ropes can be only pulled .

This means the forces coming from
ropes are always in the direction of the rope .

-Fz
FBB

*

-Fz
7

-F1 -F1

Notice : Pulleys redirect ropes . If the pulley is perfectly frictionless :

F1 =Fz

Friction on a surface
The magnitude of the frictional force FR is determined

with two parameters :

· Fr : Normal force from surface (H)

· Coefficient of friction (static/dynamic) between object
and surface :

- Static friction : Ms FR = Ms . Fi

->Dynamic friction : MD FR = MD - FN

Graphics :

F - On that surface : Fr = Fg
F FBD

> FR
· Fr · -Fr

-If the body doesn't move : Ms11/1//III/IIII
- Fg -Fg - If the body moves : MD



Winding rope with friction
The forces on each end of the rope are not equal .

Force F1 on one end of the rope is given by :

Fi = emp.. F

where : Mr= Dynamic friction
X = winding angle [rad)

-
↓

N= 1
,
5 turnsFr F2

X = 1
,5 . 2π = 3π

In a pulley with friction we can also apply this formula :

F = eMp
. X

. Fg

Friction force in the pulley :

Fr
, p

= (emp
- X

- 1) .F

.
M

Note on units : Angle :

Force : (1) = (g) · (m .52) Crad] = 180(
%)



Multi-body systems
Two bodies can have several FBD's :

F

[ B Example
& , Let :

[ # = 2000 N ,
an = 7m

,

Y & A ↓ I b = 2m , C = Gu
,
d = 3m

.

X 119/
L

I
b

,a
Step 1 : Set up the FBD of the entire system :

# + xBy
a

> Bx
B

Ay
& xt &

> X

Y Ax
Step 2 : Equilibrium equations for F(*X,B) seen from point B

[Fx = F(Ax) + F(Bx) = 0 where :

F(Ax) = Fa . WSX

[Fy = F(Ay) + F(By) - F F(Ay) = FA . sinx

EMB =F(Ax) . C - F(Ay)(a + b) +F(a - d) = 0

Step 3 : Magnitude/Direction :

taux=



Step 4 : Final calculations :

&Mi= 0

O = FACoSd · 6 - Fasinx (7 +2) + 2000 17 - 3)

Fa = 1284 ,
7N

F(Ax) = FACSx = 3811

F(Ay) = Fasinx = 1142 , 9N

[Fx = 0

F(Ax) + F(Bx) = 0

F(Bx) =
- 3814

EFA=0

F(Ay) +F(By) - F =0

F(By) = F - F(Ay)
#) By) = 2000 N - 1142 ,8N = 857 ,

1N

Step 5 : Forces in the joint
Body 1 : Body 2 :

-FBY
C F

Faxs · C -
* *

B
< FBX

-Y d Fcx &

> X Fxy
- Fcy - Fay

LX

<
F

[Fx = Fix + F(x = 0

[Fx = FAx - F(x = 0 F(x = - Fix = 381N

F(x= FAx = 381N

[Fy = FBy+ Fcy - F

[Fy = Fxy -Fcy =0 Fay = F - FBy = 1141 ,
9N

Fay = Fay = 1141 ,51



Constrains and Statical Determinancy

Statically determinate :

No . of eg. .

= No
. of unknowns

Support forces = DOF

Statically indeterminate :

N
.
of eg. No of unknowns

support forces DOF

Statically overdeterminated
No. of ea .

No of unknowns

support forces DOF

Examples :

3DOF/leg
4 Legs
#

Statically 2
3 Fy

indet
.

·/ 6 unK ,
3DOF

Ex
+
Fy

= Y
-- H

X-
-3DOF statically ind. 7

M l
Fx

,Fy ,
T=Sunk .

Fa ↑T 3DOF , Zunk . ↑ Fy
21+ 3DOF Fy H

statically overdet .

3DOF = 3War #
H

statically
det



Internal forces
Let's cut virtually a rope :

~ F ~ F #

A A* · AD
M = bending momentum

-F -F

Reactions with less unknowns than equations :

Missing N: [ >

&

Missing Q :

Y

& -

Missing M:

What do we use for what ?

& System FBD and equilibrium : Determining external forces and
support reactions

* Body isolation in a multi-body system : Determining interface and
reaction forces support reactions

* Internal forces : Determining stress and evaluate the safety



Shear/Moment/Tension diagram

Procedure :

Step 1 : FBD diagram ,
calculate support reactions

Step 2 : Calculate internal forces and moment

Distributed lad

P(1/m]

#6 666 o FBD Abbe
MA + Ay

↳
cutting at B:XoHo-

↳ "A Bo M +

Ma + Ay &

SMT :
Q MaistrFDistributed : I . El [m]

↓·
Ex = 0 =A

N
&

0=- [Fy =0 = Ay +q[n]

Ab X

[M = D =Ma-Fastrd. + M + Q . d Sm]

M ↓· Never forget
&.



Example

FBD: G
FAY

FIS
[x

"FAX 2 2 +

EFX= -Fax +Fy =w = Fax = Fz = 2004

[Fy = Fay - F1 =0 = Fxy= F1 = 100

&My = -F1 . 2m+z4m = 2004

Cut 1 : Om < X(Im Cut 2 : 2 m < X < 4 m

-->b= M It sh M
FAX

↑ Fxy *

IFFxy11 = Fxx = 2004 &2 = FAX = 2004

↑1 = -Fay = - 1081 *z = -Fxy +F1 = B

&M = MA - MFz + YzX
[M = Mx + Q1X

Cut 3 :

Fr
FAY jF M

Nz =...



Stress and bending
Stress :

· It is needed to evaluate the safety
· It is calculated differently for each load case
Tensile (pure tensile load-stress) calculated in

Compressive (pure compressive load-stress) 3 the same way
Bending Hensile + compressive + shear stress)
Shear (pure shear stress

Torsion (pure shear stress

·

lensile and compressive stress
F

& I &

&
Tensile

= Fint [MPa= mm]

w

- F

stress : internal loads incl . geometry
Strain

strain : internal shape changes

Fig -F

i

&l tencina
8 E . E

Usnear=
E = young's modulus [MPa] or [GPA)



ALTOT
Altor = Edii Etote L ToT

Some young's modulus

= steel = 210 :
000 MPa = 210GPar

=>
Aluminium

= 68'000 MPa = 68 GPa

= PA (Polymer
= 2 :

100 MPa = 2
,
16Pa

Safety calculation

*int Smax
, admissible

material data

EintEmax , admissible
Y safety factor

Mechanical properties of materials
Stress-strein diagram

8 [MBa]
plastic

&

-
Re-e(Elastic limit) In the elastic zone

,
we can determine :

d · stiffness (dL I · Re (maximum stress in the elastic region(

· En (maximum strain in the elastic region)
&

Ee El-
-

elastic plastic region Note : pointe must be

region for nonelastic) completely elastic?



The Young's modulus is now redefined as E := (MPa)
or , if (50 ,

Ed) = 10 . 01
,
E=R (MP)

Safety factors

Knowing that (Ee , Re) is the elastic limit point:

Trax
, adm

= Re ; Emax
,adm

Where S is the safety factor defined as

Si=X
,
adm

where :

&
y

= material strength

Omax
,
adm = max allowable stress

Frequired 5. S

Typical values for safety factors :

· One load cycle : Sstaltic S 1 ,
2 [-]

· Few load cycles (10 ... 104) : Sayn 5 2 ...
3 (-]

· Many Load cycles (104 ...
10%: Sayn 5 3 ... 101-]

Load case specific safety factors :

·

Bending (pure) : Sz = 1
...
1

,
2 [-]

· Torsion (pure) : Sz = 1
...
1

,
2 [-] & STOT = Sz : Sg . Sg ....

· Torsion and bending : Sz= 1
,4 (-]



# Low chart for mechanical stress evaluation :

Start

b

Evaluate the stress in the structure

b

use safety factors for shape andfeometry
(size

, notch , ... )

b

use safety factors for the median stress
(pretension)

b

use safety factors for the environment
ecorrosion , heat.... )

↳

use safety factors for the type of load
↓

comparison with material values
· Tensile stress

,
static : Re

, Ee
· Tensile stress

, dyn : s-n curves (Wohler's curve)

· Torsion : [max ,max

↓

done



Centroid (center of gravity (

Triangle :
T

h
·

Y
-

y = 3

Circular Sector
b

-so
Y↑

-

Y=

2r . sinx . 180
;< /

%]
3πX

Centroid for composed surfaces

*j = SiXEdr ,
wherejiz = coordinates of the center

Sodv of gravity 6 of the body

---

* y , z = cordinates of the center

of quavity 6 of one single entity

*Wi
where EW = total weight

Translating it into centroid :

*A =



Moment of inertia

In bending and torsion ,
the stiffness of the beam is related to the

geometry of the cross section .

For bending : moment of inertia laxial)

For torsion : polar moment of inertia

Axial moment of inertia

# = Moment of inertia when bending around the X-axis

# = Moment of inertia when bending around the y-axis

= [mm4]



L



Bending

↑ #

Y -
m&

fr= deflection

pure bending causes a deflection (fm) , a deformed elastic
curve ,

and a bending angle

elastic line /always follows the centroid)

↓
centroid

- tension (criticala centroid : Sp = 0 PP
.

&
=
- -> elastic line

compression

Ob(y) =My (MPa = Immomya

Tb
,max

= Mb
, max

- Imax

Iy Mb Mb
, max

= 30
↑

·

My=10

Mb
, max

= abs max amplitude = Y

·

My = -30



Formula sheet bending XAB" = XAB . 180

T

Bending case Equation bline Max
. deflection * currature

B. momentum
,

Bending case reaction forces Equation b .
Line Max deflection Curvature



Torsion

Pure torsion will lead to 10 changes in :
· cross-section
· elastic line(neutral fiber)

Deformation in torsion is called distortion

&
My = F. d==

& if n=rpm- = rpS[Y

[m = 1 . m=
Torsional stress

[max

-
[=M

- [MPa = Imm Nummma





Torsional deformation (4)
8 Y

-

* *

initial starte deformed state

1800 where :p(x) =
M+ (x)

- l
-

i
[0]

#p. G & Shear Modulus

of amaterial [MPa)

YotMili
Combining stress

A

=

MBGF +Y MB
-

+

+

+

*

B

Combining tensile with bending stress

at A : 15y - St

at B : -8y - 5t


