Linear Algebra
HSLU, Semester 4

Matteo Frongillo

Last update: June 18, 2026

Contents

1 Vectors
1.1 Vectorarithmetic . . . . . . o . e e e
1.2 Lengthand unitvectors . . . . . . . . . . . e e
1.3 Linear combinationsandspan . . . . . . . . . . . e e
1.4 DotproduCt . . . . . . e e e e e e e e e e e e
1.5 Cross product (vector product) . . . . . . o v i it e e e e e e e e e e

ArbPhWWWww

2 Matrices
2.1 Definitions and special matrices . . . . . . . . . .. e
2.2 Addition and scalar multiplication . . . . . .. ...
2.3 Matrix multiplication . . . . . . . e

(2RO N0, |

3 Linear Systems and Gaussian Elimination
3.1 Elementary row operations . . . . . . . . e e e e e
3.2 Solution €ases . . . . . . e e e
3.3 Homogeneous and inhomogeneous systems . . . . . . . . ... . . e

aoown

4 Determinants and Inverse Matrices
4.1 Determinant . . . . . . L e e e e e e e e e e e e
4.2 Inverse matriX . . . . v it e e e e e e e e e e e e e e e

N o o

5 Vector Spaces, Subspaces, and Bases
5.1 Subspaces . . . . . e
5.2 Linearindependence . . . . . . . . i e e e e e e
53 Basisand dimension . . . .. ...
5.4 Affinesubspaces . . . . . . . e

6 Linear and Affine Maps
6.1 LiNGAr Maps . . . . o o i i i i e e e e e e e e e e e e e e e
6.2 Common transformations . . . . . . . . . .. e e
6.3 Affinemaps . . . . . . . e e
6.4 INVErseEMapPS . . . . o i i e e e e e e e

7 Kernel, Image, Rank, and Nullity
7.1 Consequences for Systems . . . . . . . . e e e
7.2 Equivalent conditions for square matrices . . . .. ... ... Lo e

O 0 v O WO 00 00 00 00NN

8 Eigenvalues and Eigenvectors 9
8.1 EIQensSpaces . . . . . . o e e e e e e e 10
8.2 Computing eigenvalues and eigenvectors . . . . . .. .. ... ... . 10

9 Diagonalization 10

10 Norms, Metrics, and Orthogonality 10
10T NOIMMS . . e e e e 10



10.2 Metrics

10.3 Orthogonal and orthonormal bases
10.3.1 Example

11 Orthogonal Projections and Gram-Schmidt
11.1 Projectionontoaline. . . . . . . o e e
11.2 Projection onto a subspace
11.3 Orthogonal decomposition
11.4 Gram-Schmidt process
11.5 Algorithm in a nutshell

12 Spectral Theorem



1 Vectors

1.1 Vector arithmetic

Let,b,2 e R" and A, p € R. Then:

For points P, Q € R", the vector from P to Q is

PQ=Q-P

Component-wise addition and scalar multiplication are:

a, b, a; + b, a Aa,
[ : +[ P = [ : ) /\[ : :[ B
a, b, a,+b, a, Aa,

1.2 Length and unit vectors

The Euclidean length of @ = (a,, ..., a,) is

lal, = Vai + -+ +a;

2, . .
If 2 = 0, its normalized vector is
5
a

lan,”

Q>

The standard basis vectors of R® are and ||2, || = ||&,]| = [1&] =

1.

1.3 Linear combinations and span

A sum of scalar multiples of vectors is called a linear combination:

k
/\1771 + -+ Ak”jk = Z/\i';i
i=1

The span is the set of all such linear combinations:

k
span(vy, ..., ) = {Z/\ﬁzi
i=1

/\,-EIR}

Every X € IR" can be expressed using the standard basis:

>

5
X =(Xq,.00,X,) = X167 + -+



d-b=d"b=) ab = |allblcose

i=1

1.4 Dot product
For4,b e R":

The dot product satisfies

a-a>0, i-d=0
i-b=0b-3, @+b)-¢=a
(Ad)-b =A@ -b).

Two vectors are orthogonal exactly when

i10e—a-F=-0

For non-zero vectors, the angle between them is

3.7
<p:arccos( 2 ]

ol

If a, B, y are the angles between a vector and the x-, y-, and z-axes, then

cos’ a + cos’ B+ cos’y = 1.

Mechanical work by a constant force is

W =F -3 =|F||3] cos .

1.5 Cross product (vector product)

For i = (uy, uy, uz) and v = (vy, vy, v3):

QU

o

> >
’ UXV = (Uyv3 — UsVy, —(UgV3 — U3V7), UgVy — UpT,) ‘

Equivalently, using reduced determinants:

U, Us
Vy Vs

Uy Us
Uy Vs

Uy Uy
V1 Y,

’ ’

> >
MXV:(

|

The cross product is perpendicular to both vectors and
Il x 3] = @7l sing

is the area of the parallelogram they span. Furthermore,

2 . .
ixv=0c1,v arecollinear (or one is zero).
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2 Matrices
2.1 Definitions and special matrices
An m x n matrix has m rows and n columns:
A = (ai]') € IRan'

A matrix is square if m = n. A matrix in R”" is a column vector, and one in R"*" is a row vector.

Important special matrices are:

1 - 0
O = (0)yxn, I, = : : |

upper and lower triangular matrices, and diagonal matrices D = diag(d, ..., d,,).

The transpose interchanges rows and columns:

T
(A )ij = 4ji-

A square matrix is symmetric if

AT = A

2.2 Addition and scalar multiplication

For matrices of equal size:

(A + B)I] = a,-]- + b,‘]’, (/\A)I] = /\ai]'.

The usual associative, commutative, distributive, zero, and additive inverse laws apply.

2.3 Matrix multiplication
If A e R™" and B € R"?, then AB € R™* with

n

(AB)ij = Z aikbkj

k=1
The multiplication rules are
(AB)C = A(BC), (A+B)C = AC + BC,
A(B+C) = AB+ AC, A(AB) = (AA)B = A(AB),
Al =IA = A, (AB)" = BT AT,

In general, AB = BA.

3 Linear Systems and Gaussian Elimination

A linear system can be written as where A is the coefficient matrix, X is the vector of unknowns, and bis

the right-hand side. Its augmented matrix is [A | 5].



3.1 Elementary row operations
Gaussian elimination uses:

1. interchange two rows;

2. multiply a row by a non-zero scalar;

3. add a multiple of one row to another row.

The objective is row echelon form, with each pivot farther right than the pivot above it and zero entries
below every pivot:
* * * *
[O * % *} .
0 0 = *

Gauss-Jordan elimination additionally produces zeros above each pivot, giving reduced row echelon
form.

3.2 Solution cases
+ A pivot in every variable column and no contradiction: one unique solution.

+ At least one free variable and no contradiction: infinitely many solutions.

* Arow [0 --- 0]c] with ¢ = 0: no solution.

3.3 Homogeneous and inhomogeneous systems

The homogeneous system
AZ =0
always has the trivial solution % = 0. If free variables exist, it also has infinitely many non-trivial solutions.

For a consistent inhomogeneous system AX = b, every solution has the form

> >
55:551,+55h, A;C)p:b, A5fh:0

4 Determinants and Inverse Matrices

4.1 Determinant

For a 2 x 2 matrix,

det(z Z) =ad - bc

1 2
ax az
as1 as5

detA = ay,a5,a35 + 41,0535, + a130,,a3,

For A € R¥?, Sarrus' rule gives:

— A13032031 — 411023437 — A12031033-

For a triangular matrix,

detA = ﬁ a;;.
i=1

For a general square matrix, reduce it to triangular form while tracking:



+ swapping two rows changes the sign of the determinant;

* multiplying a row by A multiplies the determinant by A;

+ adding a multiple of one row to another does not change the determinant.
Important rules are

det(AT) = det A, det(AA) = A" det A,
1
~ detA’

det(AB) = det AdetB, det(A™)

A square matrix is singular exactly when det A = 0.

4.2 Inverse matrix

A square matrix A is invertible if there is a matrix A™" such that

AAT =ATA=,

For a 2 x 2 matrix:

-1
a b 1 d -b
(c d) " ad—be (—c a ) ad =be=0
In general,
1
-1 _ .
= Jet A adj(A), detA = 0.

It can also be computed by Gauss-Jordan elimination:
[A | In] ~ [In | Ail]'

If Ais invertible, the unique solution of AX = bis

=A"D

5 Vector Spaces, Subspaces, and Bases

5.1 Subspaces

A subset U C R" is a vector subspace (or linear subspace) if:
u1) 0euU;

U2) 4,7eU = 1i+veU;

U3)iieU deR= liieU.

The span of any set of vectors is a subspace. In particular, span(?,, ..., 7;) is the smallest subspace con-
taining all of those vectors.

5.2 Linear independence

Vectors 7, ..., v are linearly independent if Otherwise they are linearly dependent.

M+ o+ M =0= A = =1, =0

Two non-zero vectors are dependent exactly when one is a scalar multiple of the other. A single vector is
independent exactly when it is non-zero.

If the vectors are columns of a matrix A, they are independent exactly when the homogeneous system
A% = 0 has only the trivial solution.



5.3 Basis and dimension
The vectors ,, ..., 7, € U form a basis of U if they:
1. span U;
2. are linearly independent.
Every vector in U then has a unique representation as a linear combination of the basis vectors.
The dimension dim U is the number of vectors in any basis of U. In particular,

dmR'=n,  dim{0} = 0.
IfdimU =d and 7,,...,7; € U, then the following are equivalent:

>

> > .
. . v,...,v; areindependent,
(D1, ..., 94 |saba5|sofU<:){ ! d P

U =span(vy, ..., vy).

With exactly d vectors, it is enough to verify either independence or spanning.

5.4 Affine subspaces

An affine subspace is a translated vector subspace: where? € R" andU C R" is a subspace. Its dimension

(A=9+U={i+ilieU)

isdimA =dimU.
dim A | geometric object

0 point
1 line
2 plane

n-1 hyperplane

A consistent solution set of A% = b is an affine subspace: X, + ker A.

6 Linear and Affine Maps

6.1 Linear maps

AmapL:R"— R"islinearif, forall 4,7 € R" and A, u € R, Equivalently, it is additive and homogeneous:

L(Ail + p?) = AL(#1) + pL()

L(ii+79)=L(#)+L(®B),  L(Ail) = AL(#).
Every linear map satisfies L(0) = 0.
Every linear map L : R" — R" has a matrix A € R™*" such that
L(X) = AX.
In the standard bases, its columns are

6.2 Common transformations

Counter-clockwise rotation through angle 0:

R — cos® -—sino
o~ \sin6 cosoO )
Clockwise rotation through angle 6:
R cosf sin@
0~ \-sino coso



6.3 Affine maps

Amap F : R" — R" is affine if for a linear map L, a matrix A, and a translation vector 7. It is linear exactly

FR)=L®E) +3 = A%+

R
when 7 = 0.

6.4 Inverse maps
Alinear map L : R" — R" is invertible if there is a map L™ such that
LNLE)=%  LL'@)=7

If L(X) = AX, then and L is invertible exactly when det A = 0.

LX) =A%

7 Kernel, Image, Rank, and Nullity

For L(X) = AX:

kerL={eR"|AZ =0}, imL={A%|%eR"

IfA=[a - d,], then
im A = span(ay, ..., a,).

To obtain a basis of the image, row-reduce A and select the original columns corresponding to pivot
columns.

The rank and nullity are
rank A = dim(im A), nullity A = dim(ker A).

The rank is the number of pivots; the nullity is the number of free variables. For A € R™":

’ rank A + nullity A = n

7.1 Consequences for systems
For A e R™":

ker A = {0} < nullity A = 0 & rank A = n & the columns of A are independent.

Furthermore, im A = R” < rank A = m < A% = b is solvable for every beR"

7.2 Equivalent conditions for square matrices

For A € R™", the following are equivalent:

1. Aisinvertible; 5. imA ="

2. detA = 0; 6. the rows and columns of A each form a basis of R”;
3. ker A = {0); 7. A% = 0 has only the trivial solution;

4. rank A = n; 8. A% = b has the unique solution ¥ = A™'5, ¥b € R".

8 Eigenvalues and Eigenvectors

Let A € R™". Ascalar A is an eigenvalue of A if there is a non-zero vector % such that A% = A%, = 0.

The vector 7 is an eigenvector corresponding to A. Every non-zero scalar multiple of an eigenvector is
another eigenvector for the same eigenvalue.



8.1 Eigenspaces

The eigenspace associated with A is It contains the zero vector; its non-zero elements are the eigenvec-

[E, =ker(A- ) = {7 € R" | A = A7)

tors associated with A.

8.2 Computing eigenvalues and eigenvectors

1. Form the characteristic polynomial
pa(A) = det(A — AI).

2. Solve p,(A) = 0. Its roots are the eigenvalues.

3. For each eigenvalue A, solve
(A-AI)P =0
to find a basis of E, .

9 Diagonalization

A square matrix A is diagonalizable if there is a basis of R" consisting of eigenvectors of A. If 7, ...,7,
are independent eigenvectors with eigenvalues A, ..., 1, define

S=[# - %] D=dag,..., A
Then

s'4s=D <>  A=SDS"']

An n x n matrix is diagonalizable exactly when the sum of the dimensions of its eigenspaces is n. In
particular, n distinct eigenvalues guarantee diagonalizability.

Diagonalization simplifies powers:
A* = spDks™.

10 Norms, Metrics, and Orthogonality

10.1 Norms
A norm satisfies, for all vectors ¥, 7 and scalars A:
1%l > 0,
IZ] =0 &= % =0,
IAX] = [ALIX],
12+ 31 < IZ1+ 191.

Common norms are

121, = Zx £l = max|x].
10.2 Metrics
A metricd : M x M — R satisfies:
d(x,y) 20,
dx,7) =0 = x=1y,
d(x,

A norm induces the metricd(¥,7) = |X - 7.



10.3 Orthogonal and orthonormal bases

Abasis b, ..., Ek is orthogonal if
=0 (i = j).
It is orthonormal if additionally

1Bl = 1.

For an orthonormal basis, the coordinates of ¥ are particularly simple:

10.3.1 Example
Show that b,, b, is an ONB of the plane E = span(b,, b,).

b2l =1 5 bl =1
bl . b2 = O
by # ab,, a € R set the system of equation to find «

11 Orthogonal Projections and Gram-Schmidt

11.1 Projection onto a line

The orthogonal projection of ¥ onto L = span(E), b=0,is If ||E|| =1, then

L Tebo

proj;(v) = 5—=0b
b-b

proj;(v) = (v - 5)13.

The error vector is orthogonal to the line:

7 - proj;(v) L b.

11.2 Projection onto a subspace

If El, cee) I;k is an orthonormal basis of U, then The residual ¥ — proj,(?) liesin U™.

k
proj,(#) = ) (i - b)b;
i=1

1

11.3 Orthogonal decomposition
Given a plane E = span(b,, b,), to find the orthogonal decomposition of a vector v w.r.t E, where p, w € R*:

v=p+w,peEE wlE

v=ab +pb,+w
=33w-b, =0 :>{
W'b2:O

v=ab +pb,+w

v=ab +pb,+w
w =k (b; X by)

w L E

Thus,
v = aby + Bby +k(by X by)

If b,,b, are ONB, «, 8,k = 1.

11



11.4 Gram-Schmidt process

Starting from a basis 7,, ..., 7, construct an orthogonal basis:

11.5 Algorithm in a nutshell
wl

Step 2. v, = w, — (wy - v7) 1y

Step 1. w; — 1y

Pspan(vl)("/z)

v/
Step 3. v, = —
vl
Step 4. v; = w; — (ws - v1) v, — (W3- v,) v,
Pspan(vy v,)(W3)
’I/’
Step 5. v; = —
vzl

12 Spectral Theorem

Every real symmetric matrix A = A”:
* has only real eigenvalues;
+ has mutually orthogonal eigenspaces for distinct eigenvalues;
* has an orthonormal basis of eigenvectors;
* is orthogonally diagonalizable.

If the orthonormal eigenvectors are the columns of V and their eigenvalues form D, then V™' = v and

VTAV =D — A=VDVT

12
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