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I. Viscous flow

Symbology
Symb Name Units | Symb Name Units
v Kinematic viscosity m?/s n Dynamic viscosity Pa-s
T Shear stress Pa dn Normal distance m
du/dy  Rate of strain [-1 € Diss Spec. diss. power W/m?3

Flows with friction

For pipes:
=TA = M. =Fy=1-1-2nr¢
Friction law
e ™ g ()
= ndn ; Diss = 7] an
Viscosity

If n = 0, the fluid is called inviscid.

No slip condition: velocity of a particle closest to the wall has
velocity equal to the wall velocity.

Reynolds Number

Newtonian fluids
+ Rate of deformation du/dy (velocity gradient) is linearly pro-
portional to the shear stress t
+ The constant of proportionality is the viscosity (slope)
T
* n=——— = constant
" du/dy
Non-Newtonian fluids
Non-linear relation between shear stress and deformation rate
due to non-constant viscosity.

ey (0w 0u
=7 oy Jy

Dilatant (shear thickening) fluids
Viscosity increases with increasing strain rate.

Plastic or pseudo-plastic (shear thinning) fluids
Viscosity decreases with increasing strain rate.

Bingham medium
Flow occurs only after a yield stress 1 is reached.

Graphical representation
T Toothpaste
Bingham plastic (shear thickening)

Newtonian
Corn Starch
Dilatant i

1

(shear thinning)
Pseudoplastic

Inviscid (ideal)  Deformation rate d
dt

Flow profiles
Couette flow profiles (constant velocity gradient)

du(y) _ vp

Jdy s

o= (%51 <0 (2)

Ppiss :/ 6Diss(y) av
\%

110117777777 77777777
PIVIIIYS

s

Poiseuille flow profiles (parabolic velocity gradient)

du(y) _ 4vmax (1 - 2£)

dy s s

YIIII I I i s i s s s s

v(r) =ar’ +br+c

1602 29\ ?
€ Diss = "7% (1 - 72/)

S —
A T
Ppiss = 777 Umax
3s
Laminar pipe flow
p1 > p2
Op _p2—p
0z L

Constant linear flow profiles
V= UmA = va27r
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Parabolic flow profiles

2
V= /v(r) dA = 71%”2 L

2
v(r) = Vmax <1 — %)
dv

r

- _2Umaz

dr R?
L 27 R
2
PDISS_///W( 2vmaz > Td?"dtpdx
0O 0 o0

2
Ppiss = 27TL/7] ( 2vmm; > srdr = 27er)m,w = 87rL17vm

Flows in gaps and bearings
Assumptions in gaps and bearings

+ Newtonian fluid with + Balance of pressure and
constant viscosity n viscous forces

+ Incompressible fluid + No slip condition at the walls

+ Very low Reynolds + No acceleration (negligible)
number Re < 2000 * Pressure is uniform across

« Laminar flow the thickness dp/dy ~ 0
Equilibrium of forces

> Fo=0=>pA, — (p+dp)Ap + TAc + (T+ d1) A =0

Ap=dy-b ; Ac=dx-b ; :n%—)j—;
Basic velocity equation
o) = 1o Lt clay + dlo)

Gap flow (walls not moving)

v(z,y) = p/(;:) [y* = h(z)y]

Width, b
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Plain bearing / Creeping gap flow (one wall moving) Possible semplifications

If h <« D:
Width, b A: / Td'f‘ dlp%ﬂ'Dh
A
o ! Specific dissipation power
“ ov
? P=1Av=n"lAv : dP=dF
Assumption for Re < 1: ZZ Z—p ! TAV=Tg AU S d dFdv
X
N v dFr = dtdA = 77 U drdz
(@9 = 2 [y — n@)y] + 2% h(a) — o] dy
21 h=) 9 4y dzd 2 2
hz) _dp(a) eons = = "o = () = (5)
x p(x Vo Diss = —— = — = = =
= _ . — d dxdyd d
c(x) 2 dr n(z) Vv rdydz y Oy
d(z) = vo Prpiss = /emss av = ///eDiss dedydz = M - w
v v

For the simplest, parabolic velocity profile case: Pressure loss according to Bernoulli

dp(z) Ap 12nv.m, P P snl
h(x) = hO vy = 0 p/ = = — = — _ _ Diss _ Diss — T LT Um — h
’ ’ dr AL h3 pL=p2 =P v e (= rgh)
pl 8’[} p/
vy) =5, (v° — hoy) = 9y = 0= 9, (2~ ho) II. Boundary layers
h h h 3 Symb Name Units | Symb Name Units
o oy _ _2 free-stream local velocity in
= — = = — = y
V=5 Umaz =0 (y 2 ) 8n g Um Yoo velocity m/s | v poundary layer m/s
Ap - h2 boundary layer " BL displacement
Um = — 1277L0 g thickness m g thickness m
ho 3 B2 0 ?pﬁocrlw(wnegst:m m Tw wall shear stress Pa
_ Phg No
V= b/v(y) dy = — 12n &bAp kinematic 2, dynamic P
0 M viscosity m=/s n viscosity a-s
" . . R Reynolds num. v boundary-layer m2/
General sliding bearings: € at position x B BL  volume flow rate >

h(z)

V=0 / %7] (y2 — h(x)y) + hl();) (h(z) —y) dy
0

Boundary layers develop due to wall shear stress t and fluid
viscosity v.

Laminar vs. Turbulent boundary layers

. 'h{ -
V= 7bp12<””) Uoh( ) =¢ Critical Reynolds number
=6 -
p Vo (h( ) X ///

General form of the volumetric flow rate
2

1 —— >
v(z,y) = 529/% + c(x) + d(z) Laminar BL Transition Turbulent BL
h(z) 1 (2) B (2) Reynolds number for the BL on a flat plate:
V=b / v(z,y)dy = [ an "+ c(x) Qm + d(m)h(x)] =¢ Re., — Voo% _ Vs lchar
A v

Re increases with the distance from the plate entry.
Transition to turbulent: Re, > 5 x 10°
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Flat plate boundary layer

rL Vo Voo
x I
v o8] 4
displaced S Voo = ¥iyll-dy Ve 8"
volume
a)m Ve 5 @) ~1/d) = 1/Va

VBL = Voo -6 (z)

. . . — 20"
with 2 plates: Vg, = A" -v = (d 3 i )7r-11
Turbolent BL
Non-dimensional forms
Non-dimensional plot of wall normal turbulent velocity profile:

Viewer perspective Literature perspective

log(y") H

log(y*)

T
+ Friction velocity: u. = Wa”
p

. u

+ Dimensionless wall parallel velocity: u™ = —
(2

. . . U

- Dimensionless wall distance: y+ = 2%
Y

Rough and smooth walls and the effect on friction
No-slip condition
&(x) lam

Hydraulically Smooth Surface

4;/\ S W aw
v = ST

Rough Surface

i

+ Hydraulically smooth surface: é(x) > ks
* Rough surface: é(z) < k,. Leads to vortex.
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Flow separation

Flow separation conditions
1. Friction

2. Pressure increase

At sharp edges, the flow always separate.

Pressure gradient

B 4

maximum body 5
thickness 6
separation

favourable adverse
\M

Comparison of boundary layer profile shape
Comparing BL as a function of the pressure gradient:

ap  dU(z) o —m dv
dz dz 3 wall = dyy:O
1. favorable pressure gradient: g—p <0
T
. Oop
2. favorable pressure gradient: P < 0
T
. Op
3. zero pressure gradient: e 0
. . dp
4. mild adverse pressure gradient: 9 0

- . 0
5. critical adverse pressure gradient: a—p >0, Twa =0
X

6. large adverse pressure gradient: % >0

Flow separation gradients

U(x)  velocity v as a function of x Separation
point

Boundary w=0

layers Profile point
of inflection

Nearly
inviscid
core flow

——u

@ _

A / / Backflow

Dividing
— —streamline

Nozzle (Favorable Pressure Gradient) (A)
dp dU

+ Decreasing pressure and decreasing area
* Pressure decreases in the flow direction

* Pressure force is in the flow direction

* No flow separation

Throat (B)
dp _, . dU_
dx Todx
+ Constant pressure and constant area
* Fluid particles in the BL slow down due to shear stress only
* No flow separation can occur
+ Similar to a flat plate

0

Diffuser (Adverse Pressure Gradient) (C)
dp dU

— 0. . O
dm> ’ dm<

+ Pressure increases in the flow direction

* Pressure force is in opposite direction of the flow

+ Back flow situation: Fluid particles close to the wall with low
momentum may come to a stop or even move in opposite
direction of the main flow

Influence of Re on blunt bodies

* Re < 1: No vortex formation
* Re ~ 10°: Laminar BL, vortex formation in dead water area
* Re > 10°: BL partially turbolent, vortex on the body surface

ITII. Drag and Lift Forces
Drag force: parallel and opposite to the relative flow direction
Lift force: perpendicular to the relative flow direction

Drag force and drag coefficient
Drag force

1
Fp =CpgecAp = CD§PU§OAp

where:
Cp : drag coefficient (u) ; A, : projectarea
G : dynamic contribution

Drag force and power on a body in a flow
Fp=Fp+F: ; Pp=Fpus

Friction drag: friction forces F: due to wall shear stress Ty
Pressure drag: pressure forces F'p due to pressure variation
along the surface of the object
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Drag on smooth circular cylinders

Prandit’'s experiment
400

100

Adapted from Munson, Young & OKiishi's textbook

Cp 10

No separation  Steady separation bubble Oscillating von Karman vortex street wake

® @

Laminar bcuﬁdary layer,
wide turbulent wake

Turbulent boundary layer,
narrow turbulent wake

Stokes formula and Stokes law

Fp = F; = 3mndve. = Cp = A
Re
Velocity of a sphere
1 d 2 d 3
5 CpparAves = pspnVapng 5 A = (5) Ty V= <5) r

o [4d-g- pepn
< 3 Cp * Pair
Free falling sphere

Fres:Fq_Fn:>Fq:Fn

2

v 2mg
mg = CpApfuid — = Voo = {/ =——
g D APfluid B 0o Cp Apnua

Velocity profile at the initial phase (F... # 0)

dv v?
Moy =My CDAPquid?

m dv

'U2
o mg — CpApfuid 5

v(t) = veo tanh gt
Voo

o\w
I
53
Il
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Duration of the initial phase
If steady terminal velocity v(¢) = veo - 0.99:

tanh Ug—t =0.99 = Ug—t = arctanh(0.99)
Voo @rctanh(0.99)  weo - 2.65
g g

Lift-induced drag and Parasitic drag
Cp = Cp, + Cp;,
_ ¢ _
Cp. = TeAR AR =

* low speed — induced drag dominates
+ high speed — parasitic drag dominates

b2
A

Parasitic drag
Drag not due to lift generation
(skin friction + form drag + interference drag).

1
Fp, = Cp, ipvgoA

Lift-induced drag

Drag due to lift generation, caused by wing-tip vortices and

downwash. )
FDi = CDigp’UZOA
For constant lift:

2
FDoNUoo ; FDiNi
UOO

Lift force and lift coefficient
Angle of Attack (AOA)

Variable angle between the chord line and the relative wind;

affects lift and can change during flight.
Lift

v A
S

>

Ch g 5

<20 e L.

Angle of — - |

Attack
Relative Wind

Center of
Pressure

Angle of Incidence (AOI)

Fixed angle between the chord line and the aircraft's longitudi-
nal axis; set during design and affects baseline performance

Center of pressure

Centre of pressure is the resultant of the pressure distribution

on an airfoil
Aerodynamic
Force
Low Angle High Angle
of Attack Pressure of Attack
Variation
S %/ X\
— Center of
Moving Fluid Pressure
NACA Series
4-Digit-Series
E.g. NACA 24
« 1st Digit: Maximum camber is 2% of airfoil chord
length ¢

» 2nd Digit: Location of maximum camber is 4/10ths
(40%) of chord length

5-Digit-Series
E.g. NACA 230

« 1st Digit: Design lift coefficient
3

» 2nd & 3rd: Position of max camber
+ 3: Row 30 in NACA table
« 0/1: Standard or Reflex

Airfoil terminology

Thickness

Mean camber line

Leading edge Trailing edge

Camber Chord line

I Chord ¢
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IV. Dimensional Analysis and Similarity
Dimensional homogeneity

Name Variable | Primary Dimension
Length l,d L

Time t T

Mass m M
Temperature T ©

Molar amount n N

Velocity U, v, W LTt
Rotational Speed s 7!
Acceleration a,g LT 2
Kinematic Viscosity v L7t
Diffusion coefficient D L*7!

Force F LT *M
Energy E L*T*M
Work, Heat W,Q L?T2M
Power P L’T—3M
Pressure P L7'T2M
Impuls I LT 'M
Surface Tension v, 0 T2M
Density p LM
Dynamic Viscosity n LT M
Heat Capacity c L*T2MOe™!
Molar heat capacity c L*T MO *N!

Similarity

Three basic laws of similarity must be satisfied in order to
achieve complete similarity between prototype and model flow
fields

Geometric similarity

* Model and prototype have same shape

* Linear dimensions on model and prototype correspond
within constant scale factor

Ly _Dp
m  Dm Model
Dy, E
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Kinematic similarity
Velocities at corresponding points on model and
prototype differ only by a constant scale factor

VPA VPB

S T T,

A my mp
Prototype Model

B

O— O &

Dynamic similarity
All forces on model and prototype differ only by a constant scale
factor

Buckingham II-Theorem

Buckingham Pi-Theorem can be used to determine the nondi-
mensional groups of variables (Pi-Groups) for a given set of di-
mensional variables.

Step 1. List all the dimensional variables involved (n)

Step 2. Express each variables using primary dimensions (r):
* Only L: geometric variables
* Only T or both L and T: kinematic variables
* Those who have M: dynamic variables

Step 3. Determine the repeating variables that are allowed to
appear in more than one Pi-group

Step 4. Determine (n-r) many Pi-Groups by combining repeat-
ing variables with non-repeating variables and using
the fact that Pi-Groups should be non-dimensional

Example with drag force

Voo
n,p

,/\/\

Fp @\—/7

) /\)
——\_/_\_/

Step 1. n = (Fp, D,vec,1,p) =5
ML L M M

r= [D7Uooa(FD:TI7P)] =3
Step 3. Repeating variables: D [L], v [T], p [M]

Step 4. Number of II-groups: n —r=5—-3=2
I, = Fp D" p ;I = nD*2052p2

Nondimensional numbers
Euler Number

_ Pressureenergy = Ap _ gH

Kinetic energy ~ pv2 2

Important for:

* Nozzle and Diffuser
+ Pipe and Ducts

* Pumps and Turbines

Grasshof Number

Gr = =

_ Buoyancy force  L®gBAT

Viscous forces

v

Important for:

* Natural (Free) Convection

* Gr < 1. Conduction dominates
* Gr > 1. Convection dominates
» Radiators and heaters

* Cooling of electronics (no Fan)

Froude Number

Inertia forces

(%

Gravitational force VgL

Important for:

+ Ship Design: Controls wave formation and resistance

* General water flows

+ Open channel / Free Surface flows
* Fr <« 1: Gravity has high influence
« Fr > 1: Gravity negligible

Cavitation Number

Important for:

* Pump Design, Ship Propeller Design

+ Describes savety margin to cavitation:
o =~ 1: Pressure close to vapor pressure

Weber Number

Inertia f
We — nertia forces

. pvL?

" Surface tension forces

g

Important for:

* Fuel injection

* Jet breakup

+ Bubble formation
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Prandlt Number

Viscous diffusion cpV

"~ Thermal diffusivity DY

v
«

* Pr < 1: Heat diffuses quickly compared to viscous (momen-
tum) diffusion

* Pr =1: Momentum BL ~ Temperature BL

* Pr > 1: Heat is transported through diffusion in momentum

Nusselt Number (Forced Convection)
Nusselt number is to the thermal boundary layer what the fric-
tion coefficient is to the velocity boundary layer:

aL  Convective heat transfer .
Nu= "~ a = ,Rer, P
v A Conductive heat transfer f@”, Rev, Pr)
Regime Velocity BL Thermal BL Nu(x)
) 4.91 5
Laminar | 6(z) =z - \/}2761 Xt ~ Pr=1/3 | 0.332 Rez Pr07
0.16 5
Turbulent | §(z) =2 — L Pr/3 | 0.023 RO PrY/3
Rem/7 9

V. Potential flow
Irrotationality

Fluid particles not rotating

) . Irrotational outer flow region
Velocity profile

Rotational boundary layer region

(B LB
__._/@_--./@----»@_--»@---’@

Wall Fluid particles rotating

Vorticity

2D flow

For fluids with constant viscosity, a 2D flow is irrotational when:
ov ou

oz oy
_Ov  Ou

wzi@x 8y:
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3D flow
In 3D, the velocity becomes a vector:

0
w=rotlu) =V xu= (0)
0

Cartesian system

0 ow _ o
u ox w Oy 0z
u=|v ] andV = 9 = (w, | = Ou _ Oow
dy 9z Ox
w W,
0 o _ o
9z or oy
Cylindrical system
= 10u:  Oug
u or w r a0 9z
u = ue and V = lg = we — aur _ (9uz
U, r 00 w. 9z or
9 19 (rug) 10u,
0z ror T 00

0
w ox
w=v@®) = [v]=[2®
w ay
[
0z
w, = L8 0
7 0z0y  Oyox
General fluid motion
Governing equations
Continuity equation
9p +V-pu=0

ot

Momentum equation

%+V~p@y:Vp+nV-;

Simplifications
* Inviscid: n =0

+ Steady: % =0

+ Irrotational: rot(u) =0 - u = V®
* Incompressible: p = ¢
+ Continuity: V-u =0

Potential flow model

Velocity potential: u = Vo

Laplace governing equation: V2® = 0

Pressure field (Euler — Bernoulli): p + %qu =¢

Potential function ¢(z, y)
Scalar potential field and Potential flow
Incompressible, steady flow and irrotational:

¢=rotlu) =V xu=0

Hence:
Vo

u Oz
v=ve=(1)=| o
Oy
Continuity equation
Vu=0—-V-V&=Vd=0
Momentum (Euler) equation
u~Vu:V%|u|2u-Vu=V%|u\2—u>< (V x u)
which reduces to: 1
T2 P —
Vol + =

Potential vortex
Assuming n = 0 and irrotational flow:

ur(r,0) =0 ; ug(r,0) = v(r)
Velocity distribution
()= Co _OR_ T
velr) = rr  2mr

r= }{U(r) ds = 2mrv(r) = 27

where T is the circulation.

6/12

Fluid Dynamics Cheatsheet

Volume over a radial plane

Ry Ry
V:/vg(r)dA:/
Ry Ry

Pressure distribution
The total pressure is constant throughout the whole field

p(T) = Pref + g ('Urzef - 'U(T)Z) =¢

2
QR hdr = QR*hIn (ﬁ)
r Ry

Velocity, pressure, and energy graph
v(r) p(r) e(n

r r

Proof of irrotationability

10u: _ Jug
r 00 0z
- . wr Ou, Ou.
d=Vxtu=[ws | = _
w 0z or
: lg(m )_law
rors T 1 o0
For the potential vortex:
ur = 0, ue:ﬁ, u, =0
T
Therefore:
_ 10u. Oug e
=00 o 07 0=0
ou, Ou, .
wo = 8z  or =0-0=0
w *lg(ru )flaur
T rore r 00
10 Co _10Cs _
_r(?r(rr) O_r or =0
Thus:

G=Vxid=0

and the potential vortex is irrotational for r # 0.
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Source and Sink
Source and Sink behave as an inverted Potential Vortex:

u"‘(r7 9) = U(T) > u9(T7 9) =0
Velocity distribution

v =T = o

V= /v(r) dA = 2rml,v(r) = ZE
where E is called Strength

Pressure distribution
The total pressure is constant throughout the whole field

P(r) = pret + £ (vfer = 0(r)?) = ¢

Velocity, pressure, and energy graph
v(r) p(r e(r)

r r

Rigid body vortex
Fluid rotates like a rigid body with angular velocity 2

ur(r,0) =0 ;5 wg(r,0) =ue(r)

Velocity distribution
v(r) = Qr

Angular velocity distribution
w, = 21}

Pressure distribution
p(r) = Prer + %pff (r* = rref)
Total pressure increase with the radius
pe(r) = plr) + 5po(r)* = plr) + 5007

Velocity, pressure, and energy graph
v(r) p(r) e(r)

Superposition: Potential Vortex and Sink / Source

Velocity distribution

c, 0 &
L)) :
u = = T =
u C
Ve 0 = Ce
T T
Sink Potential Vortex
v~ G tan(a) = ¢
v, Cy,

The magnitude of the velocity:
C;+C! K
— oy lref
U(T) = Uref r

Streamlines
Streamline trajectory

tan(a) = Td;(p

tan(a) dp = % dr

Integrating with respect to (ro, po) and (r, p):
® T
tan(a)/ dp = / % dr
®0 70

tan(@) (¢~ o) =In ()

To

Streamline angle

S In(—)+
v tan(«) 0 wo
Pressure distribution

1 T 2
p(T) = Dref + ipvrQef <1 - (ﬂ) )

r

Velocity and pressure graph
v(r) p(r)

i
i

| vortex source
i or vortex sink

Rigid-body vortex ©
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Superposition: Rankine vortex
Potential vortex + Rigid body vortex = Rankine vortex

Stationary container

o

Py

|
:[l I:
Rotating

| | fluid

¢

e
Rigid-body vortex/l—l

Piecewise velocity distribution
Inner region (r < Ro) - Rigid body vortex

|
|
l ‘
I
|

Potential vortex

ur =0 5 wug=Qr
Constant velocity:
Wy = ld(Tug) = 2Q)
r dr

Outer region (r > Ro) - Potential vortex

T
Uy = 0 5 Uy = %
No vorticity:
_ Ld(rus) _ 0

Yr T L ar
Transition region (r = Ry) - Same velocity

r
Qr=—
" 27r
Coupling between circulation and angular velocity:

I = 27QR}

Velocity, pressure, and energy graph
v(r) p(r)

i
i potential vortex

>
rigid-body vortex r
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VI. Compressible flow

Incompressible vs compressible flows

Incompressible Compressible

* Mass conservation: p + Mass conservation: p

* Momentum conservation: ¢ + Momentum conservation: @

* Energy conservation: h — T+ Energy conservation: h — T
*+ Eq. of state: p = f(p,T)

Compressibility and Mach number
Mach number

=2
C
Mach number Flow Note
M <0.3 Incompressible | Density changes are
negligible
0.3<M<0.9 Subsonic No shock wave, den-
sity effects are impor-
tant
09<M<1.1 Transonic Shock waves; sub-
sonic and supersonic
regions
1.1< M <30 Supersonic Shock waves, no sub-
sonic regions
M >3.0-5.0 Hypersonic Strong shock waves,
property changes

Shock waves
Normal at 90° (perpendicular) to the flow direction

Oblique inclined to the flow direction

Bowed Forms ahead of a blunt body when the upstream
flow is supersonic

Oblique shock
* 0: turning / deflection angle
+ : shock / wave angle

* No boundary layer growth: § = ¢
+ Conservation of mass:

piVinA=pVo,A = piVin =p2Von,
+ Conservation of momentum:
P —p2 = p2Vay — p1Vi,
* Normal Mach numbers:
My, = Misin g, M., = Mz sin(S8 — 0)

+ For oblique shock, only the normal component becomes sub-
sonic.

Speed of sound

c= dp =VEkR,T
dp
where k =
Co
Thermodynamics
Internal energy
o = g—;ﬂ = du= (1) dT
Ty
Ug — U = /CU(T) dT = ¢, AT = ¢, (T2 — T1)
T
Enthalpy
h=u+pv=u+ RsT
oh
Cp = 87T p%dh:Cp(T)dT
T2
hz — hl = /CP(T) dT = CPAT = Cp (T2 — Tl)
T
Specific heat capacity
dh  du
Cp— Cy = a7 " ar = Rs
o _ Rsk Rs
A S |
Density
— ) — R, __r
pV =mR,T = p=pR,T = p RT
Entropy
Tds=du+pdv ; Tds=dh—uvdp
Ideal gas

T:
82—81:Cv|n< 2>—|—R5|n (p1>
Th P2

Isentropic flow

Fluid Dynamics Cheatsheet
Stagnation state and Mach number

1.0
2 2
v To v
To=T+ — — 2 =1
0 +26p T +2CP~T
k 1 k-1 0.5
ziR _— = —
T E 1T, T kR
T kE—1v2 E—1_ 5
i [ I R V)
T + 2 ¢ + 2 0

Pressure ratio

Do TO k—1 k—1 2 E—1
— == =(14+—M
p <T> ( e

Density ratio

po _ (To\*T k=1 5\ &1
o (28 =(1+° =M
2= (7)7 =05

Critical state M/ =1

— k—1
o _ (1 N Q)
p* 2

A _i 1_’_%]\/‘[2 2(k—1)
AT\

Isentropic flow with area change

e

a4 _dp (1 _dp

A p \v? dp
dA dp dv
T (17N == (1)

Nozzle results
Subsonic: M <1 dp(1—-M?)<0 dA<O

Sonic: M =1 dp(1-M*)=0 dA=0
Supersonic: M >1 dp(1—M?)>0 dA>0
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Diffuser results
Subsonic: M <1 dp(1—M?*)>0 dA>0

Sonic: M =1 dp(1-M?*)=0 dA=0
Supersonic: M >1 dp(1—M?)<0 dA<O0

Nozzle and diffuser summary

Subsonic (Ma < 1) Supersonic (Ma > 1)
Diffuser —_ —
dp>0 ; dv<0 > d4>0 = da<0
Nozzle — _
dp<0 ; v>0 ; d4 <0 1 d4>0

Equation of mass flow rate through a nozzle

Putting _dm =0:

a()

%k 2 L
DAL _ o em PN _ (P "
h=4-po \ (k—1)RsTo (PO) (PO)

This leads to

Chocked nozzle
k
. @ o k -1 2 k-1 .
Usmgp_(l—i——2 M) :

k . A~p0-M
oMo (14 k5t 6D

W=
When M =1, A= A*, hence

% 2\ =D
2(k—1

. :A*'

" PO\ ReTo (k+1)

The ratio of the area:

A 1 2 k—1 2(kk+11)
— — 2 -
A*_M[(lH—l) (1+ 2 M)}

Nozzle - Diffuser

Subsonic Nozzle Subsonic Diffuser

M; <1 Uy > Vg M <1
— — —
M >1 v, <y M;>1

Supersonic Diffuser

VII. EFPLab 1

Fluid state variables
Kinematic viscosity

Dynamic viscosity

Ns kg
ni=v-p [PQ'S:W: :|

Pressure

v2
Prot = Pstat + Pdyn = P (gh + ?)

Drel = Pabs — Pref <= Dabs = Prel + Pref > 0

Hydrostatic
p = po + pgh = ¢ [Pa]
mg phAg

= +&— +—F—=po+——
P =DPo Afpo Afpo A

Mass conservation (incompressible fluid)
m = pV
e = 1w <= Vo = Vi,
V =9A = (vA), = (vA),
Energy conservation

2 2
1 (pfl-f—vfl-l-gzl) = The (12-1-”*2-5-922)
P 2 p 2

Energy flow

% =ZP+ZQ+Zm(%+U—;+gz)72m(§+l+gz

Bernoulli equation
Specific energy equation
2 2
P vt P2 v —e | L
, T tem="C4 gt = [kg]
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Supersonic Nozzle

Fluid Dynamics Cheatsheet

Pressure equation
2 2
U U
p1 +p71+p921 :p2+p72+p922 =¢ [Pd

Height equation
2 2
b1 U1 D2 (%5

==+ =+zm=¢[m

pg 29 pg 29 ¢ [ml

Extended Bernoulli equation

2 2
v v J
%+—1+gzl+eA:%2+—2+g22+ev [—}

2 2 kg
Work terms

pA Es  Pa [J}
eA="—"—=gza= —— = — |[-—

p m m | kg

pv Eyv Py [
ey = —— =gy = —— = —— |7~

p m m | kg

Pump and turbine work Y’
W, Ea .o PA {J}

w=Y=2A_24 _pg. pa
e ]{,‘g

m m P
Pog =1h-Y = pVY = pVgH [W]

Pressure loss

Ev~ ’U2
Apv=6v~p=Tp=p92v=C-p§ [Pal

Pressure head
A _ Apa [m]
g 1<

U-tube manometer
p(v3 —03)

h =
29 (Pfl,u—tube - pfl,pipe)
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1. POTENTIAL VORTEX

2. RIGID-BODY VORTEX

3. SOURCE / SINK

4. VORTEX + SOURCE/SINK (OVERLAY)

Flow pattern
(streamlines)

Streamline

line

\- Potential

~

Rotation

Streamline

|~ Streamline

VeIOCity vy = 0, Vyp = % v =0, Vp = Qr Ur = &7 v, =0 Ur = 97 Vo = &
components r r r r
2 2
Speed magnitude o(r) = [Cel o(r) = Q| r o(r) = |Cr| o(r) = VC? +C%
v(r) r ” T
_ on° _ on° a=0° _ U _ & _
Flow angle o a=90 a =90 tana = Saale i const.

(defined from v, v,)

(purely tangential)

(purely tangential)

(purely radial outward for C,. > 0,
inward for C,- < 0)

= « = arctan &
= CQP

p("’) = Dref + L (Ul?ef - U(T)Q)

C2 1 2 2 c?
Pressure p(r) = pret + 2 (02 — =2 p(r) = pret + 50 (uo(r) — ug(rref)) p(r) = pret + 2 (0 — — 2

. 2 r2 2 2 r o202

p(r) P, 2 r + 0o

= Dref + 9 Uref = — 5

,
o Irrotational for r # 0 o Rotational (solid-body rotation) e Irrotational for r # 0 . Ir.rotational forr #0
Properties e Singularatr =0 e Angular velocity Q = v, /r = const. e Singularatr =0 e Singular atr =0

e Circular streamlines
e Circulation T’ = 2xC,,

e Finite at center (v =0atr =0)
e Models viscous core

e Radial streamlines
e Source: Cr >0 Sink: Cr <0

e Spiral (logarithmic) streamlines
e Flow angle « constant
e Reduces to cases 1 or 3if C- or Cp, =0

Circulation T’

I'=2nC,

T'(r) = 27Qr?

I =2nC,
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